Abstract-Using vehicles as probes is a flexible and low-cost way to obtain real-time traffic information. A key problem of using probe vehicles is to determine vehicle's sampling period and probe sample size. This paper addresses the sampling issue of using probe vehicles for detecting traffic information. An extended Nyquist sampling theorem based on signal processing theory is proposed to derive bounds on the sampling period and probe sample size. We also develop a Traffic & Informationcollecting Simulation Platform (TISP), to simulate the traffic flows in a road network and generate probe vehicle data for analysis. We demonstrate through simulations that the traffic situations can be reconstructed from the samples without distortion according to the designed sampling period and sample size. The methods proposed in this paper can be a valuable tool for designers on planning parameters in the probe vehicle-based traffic information system.
I. INTRODUCTION
Real-time traffic information is an essential and important factor in such Intelligent Transportation System (ITS) as congestion management, traffic control, route guidance, traffic accident detection and so on. One possible approach to obtain traffic information is to use vehicles running on the road as probes. The key idea of using probe vehicles to collect traffic information is that a vehicle traveling on the road which is a part of the traffic is reasonable representative of the behavior of the traffic. The trajectory followed by a vehicle is an integral part of the highway travel experience and hence important for a traffic management system [1] . The probe vehicles can report data on their positions, speeds, space between vehicles and so on. Compared to the conventional stationary detectors installed on the road, probe vehicles may provide benefits such as an easier implementation, more precise information and lowered costs for constructing and maintaining the information system. For probe vehicles to be the basis of a real-time traffic information system, it is necessary that the traffic situations sampled by them are reliable and adequate. Hence, a key problem of using probe vehicles as a source of data is to determine the probe sample size.
Over the past decades, numerous studies discussing probe sample size have been carried out mainly based on two theories, quality-control theory [2] - [7] and large sampling theory [8] - [11] . Most of research focuses on estimating the sample size on a certain space during some period. However, the size of the sampling space and the length of the period, which are two essential factors determining the sample set, were not considered carefully. Moreover, there have been few systematic efforts using theoretical analysis to solve the probe sampling problems. This paper deals with the issues of estimating the sampling period and the sample size for traffic information system using probe vehicles. The approach uses concepts from signal processing theory and an analytical model based on the Nyquist sampling theorem is employed to derive the bounds of vehicle's sampling period and probe sample size. To our best knowledge, this is the first paper introducing spatio-temporal characteristics and approach in signal processing to the domain of probe vehicles sampling. In this paper, the analysis may provide an insight for probe vehicle-based traffic information system designers on the sampling period and the number of probe vehicles that are desirable in a traffic network in order to achieve certain accuracy in traffic situation estimation.
The rest of the paper is organized as follows. Section II formally defines the problems and presents some theorems which will be used in the following sections. Section III demonstrates our methodology for deriving vehicle's sampling period and sample size. Section IV estimates some important parameters which are relative to sampling period and sample size. Section V evaluates the performance of the designed parameters through computer simulations. Section VI concludes the paper.
II. FORMULATION
Since traffic situations are continuous signals, it is desirable that samples taken at discrete points can be used to represent them. The typical method of obtaining a discrete representation of a continuous signal is through periodic sampling. We use approaches introduced in signal processing to deal with the sampling problems of using probe vehicles for detecting traffic information.
Traffic is a spatio-temporal process which consists of information in terms of both time and space, so the traffic sampling issue can be divided into two sub-problems: timedomain sampling and space-domain sampling. 
A. Time-domain Sampling of Traffic Situations
Traffic situation at a given point on the road network, denoted by x a (t) is a continuous-time signal, and under reasonable constraints it can be quite accurately represented by samples taken at discrete points in time.
Periodic sampling is used to obtain a discrete-time representation of x a (t), wherein a sequence of samples, x (n), is obtained from the continuous-time signal x a (t) according to the relation:
where T is the sampling period, and its reciprocal, f s , is the sampling frequency, in samples per second.
Since many continuous-time signals can produce the same output sequence of samples, the sampling operation is generally not invertible. As a result, the sampling period T should be restricted to ensure that the signal can be recovered without distortion. Nyquist sampling theorem provides an insight on determining the sampling period.
Theorem 1 (Nyquist Sampling Theorem): Let x c (t) be a bandlimited signal whose maximum frequency is f xc , i.e.,
where X c is the Fourier transform of x c (t). Then x c (t) is uniquely determined by its samples x (n) = x c (nT ), n = 0, ±1, ±2 · · ·, if the sampling frequency f s is satisfied:
The frequency 2f xc that must be exceeded by the sampling frequency is called the Nyquist frequency. The proofs of Theorem 1 can be found in [12] .
Recurring to Nyquist sampling theorem, we derive the upper bound on the sampling period T of a given point's traffic situation x a (t), i.e.,
The frequency f x , called the cut-off frequency, is the maximum frequency contained in the signal x a (t).
B. Space-domain Sampling of Traffic Situations
Since traffic situation at a given time along the road is a continuous-space signal, the sampling process used to derive a discrete-space representation of the signal can be obtained by mapping space to time, and thus the spacedomain sampling is equivalent to the time-domain sampling.
The traffic situation along the road, denoted as y a (s), is sampled uniformly every S meters to produce the discretespace signal
where S is the sampling distance and its reciprocal, h s , called sampling space-rate, is the number of samples per meter.
We propose a space sampling theorem, which is the extension of Nyquist sampling theorem, to solve the sampling problem for a continuous-space signal.
Theorem 2 (Extended Nyquist Sampling Theorem):
Let y c (s) be a bandlimited signal whose maximum space-rate is h xc , i.e.,
where Y c is the Fourier transform of y c (s). Then y c (s) is uniquely determined by its samples y (n) = y c (nS), n = 0, ±1, ±2 · · ·, if the sampling space-rate h s is satisfied:
The frequency 2h yc that must be exceeded by the sampling space-rate is called the Nyquist space-rate.
From Theorem 2, we know that the sampling distance S of traffic situation y a (s) should be satisfied,
where h y is the maximum space-rate contained in the signal y a (s). We call h y the cut-off space-rate. The critical parameters of the probe vehicle-based traffic information system, including vehicle's sampling period and probe sample size, will be determined so that the two sampling theorems' requirements can be satisfied.
III. METHODOLOGY A. Vehicle's Sampling Period
Probe vehicles traveling on the road sample the traffic situations periodically, and the vehicle's sampling period is denoted as τ . That is, the probe vehicles collect traffic information at every τ seconds.
Vehicle's sampling period has great impacts on information integrality, data processing workload and communication cost, and it is critical for the design of traffic information system. If vehicle's sampling period is too long, some essential information may be missed. If it is too short, numerous resources will be required to process and transfer data. Note that the "vehicle's sampling period" is different from the "sampling period" mentioned in Section II-A.
According to the extended Nyquist sampling theorem, there should be at least one sample within a distance of 1 2hy meters, so that the traffic situation y a (s) can be represented accurately. Suppose the speed of probe vehicle is v, the traffic situations along the road can be obtained if the following inequality holds,
According to (1), we acquire the upper bound of the vehicle's sampling period.
In the real situation, the vehicle speed is variable, which means that the vehicle's sampling period is not a constant and how to determine its value remains a problem. Fortunately, the probe equipped on the vehicle can detect real-time vehicle speed, so it can adjust the sampling period dynamically according to the detected speed. 
B. Sample Size
As shown in Figure 1 , the length of the road is L, the number of probe vehicles running on the road is M , the speed of the i-th probe vehicle is v i , the distance between the (i-1)-and i-th probe vehicles is L i , and the position of the i-th probe vehicle is denoted as s i .
According
By adding the M inequalities together, the following relation can be obtained:
Note that the the sum as
wherev is the average speed of the probe vehicles. As a result, the lower bound of the sample size is derived:
C. Reconstruction of Traffic Situations
Discrete samples are used to represent the traffic situations, which are continuous signals, so the remained problem is to reconstruct the original traffic situations from the sampled signals. In time-domain sampling, when the sampling is performed at the required frequency, which is greater than the Nyquist frequency, the traffic situations can be recovered from the samples without distortion with the formula,
Similarly, we can get the formula for reconstructing the space-domain signals,
Consequently, the traffic situations in terms of time and space can be obtained from the samples collected by probe vehicles.
IV. PARAMETER ESTIMATION

A. Traffic Simulator
With an object oriented programming language, we develop the Traffic & Information-collecting Simulation Platform (TISP) simulator based on car following decision model and lane changing model [2] . The traffic simulator is an application that simulates on real time the behavior of the vehicles in a bidirectional four-lane road and the process of traffic information collection based on probe vehicles. The simulator TISP is validated with real data obtained from Wudaokou road, which is in front of the east gate of Tsinghua University.
With TISP, we can simulate the traffic behavior and collect data to test the performance of traffic information system under various conditions.
B. Nyquist Frequency Estimation
In order to determine the Nyquist frequency of the traffic situations at a given point, we conduct a survey on the "duration of changed state". 37 drivers were invited to give a value of t th . If the traffic situations change from one state to another, whose duration only lasts less than t th seconds, and then restore, the driver thinks that there is no need to know the changed state and it can be ignored. That is, if a sharp change in traffic situations, for example, an accident, takes place at a given point, and the traffic situation recovers soon, probe vehicles do not have to sample and report the accident. The data collected in the survey suggests that the average value of t th is 292 seconds, i.e. changed state whose duration is less than 292 seconds can be ignored. Note that the value of t th may be various under different environments.
According to signal processing theory, we know that if the duration of a impulse is t, its frequency f approximates 
By (2), designer of probe vehicle-based traffic information system can predetermine the number of probe vehicles according to the size of the road network.
C. Nyquist Space-rate Estimation
In our simulation, the time-mean speed v t is chosen to represent traffic situations [13] . The precise definition of v t , at a given point p on the road and a given time t, is included in the following instruction for measuring it. Draw two lines across the road, a shot distant dp apart, to form a slice of road with the point p in the middle. Take averages over a time interval of length ς, with the time t in the middle. The number of vehicles crossing the slice dp in time ς is n. Then time-mean speed is the average speed of vehicles crossing the slice, namely v t = 1 n dp dt Note that if there is no vehicle passing the slice, i.e. n = 0, the time-mean speed is set to be the average free speed.
With the simulator, a series of traffic data are produced, then the Fourier transform of y a (s) is obtained by the following formula,
Hence, the Nyquist space-rate of y a (s) can be observed from Y (h).
V. SIMULATION
A. The Simulation Traffic Network
We employ the simulator introduced in Section IV to simulate an urban traffic network shown in Figure 2 , which consists of nine intersections and 26 road segments. Speed data on four 0.75-kilometer links (L17, L18, L19 and L20), which all have four lanes in each direction, were selected to analyze. For simplicity, the artery comprising the four links L17, L18, L19 and L20 is called Artery 1.
B. Simulation Scenarios
The source of traffic is taken to be at each end of the links, and the time-mean speed v t is observed. We consider the case when the traffic flow rises to a peak gradually, producing traffic congestion. The rise of flow can be easily realized by increasing arrival rates of vehicles, which result in different road network occupancies. The following three traffic conditions (with incidents) were adopted to simulate the traffic situations under peak and off-peak hours, Scenario 1 (from off-peak to peak) : the average network occupancy is increasing from approximately 8% to 50%. Scenario 2 (off-peak) : the average network occupancy is around 8%.
Scenario 3 (peak) : the average network occupancy is around 50%.
The precise definition of occupancy is the ratio of the total length of the vehicles to the total length of the road. Each simulation period is 4500 seconds, and the beginning part of which is a warm up period of 1500 seconds.
C. Traffic Situation at a Given Point
Since the probe sample size is predetermined and it is inconvenient to adjust the number of probe vehicles to different traffic situations dynamically, the predefined sample size should be able to achieve reliable traffic information under various traffic conditions. Scenario 1 that the traffic flow rises gradually from off-peak to peak state is simulated to evaluate the performance of the designed sample size under a variety of traffic conditions. . Figure 3 illustrates the time-domain sampling and recovering of traffic situations under Scenario 1. Figure 3(a) shows the fluctuation in traffic situations v t (t) at a given point over a period of 2000 seconds. The corresponding spectrum of v t (t) is shown in Figure 3(b) . Based on the result derived in Section IV-B, we have M ≥ 3000 146v . According to the real data collected from Wudaokou road, the probability that the average speed of vehicles exceeds 4 m/s is greater than 90%. Sov is set to be 4 m/s here, and hence five probe vehicles are running on Artery 1 to sample traffic information. The samples collected by the probe vehicles are shown in Figure  3 (c). Note that the sampling period is not uniform, because the arrival time of the probe vehicles is not fixed. This phenomena influences the sampling result little. Figure 3(d) shows the recovery of the continuous-time signal from its samples. At some time points, the traffic situations are not recovered correctly. This is because the duration of the states at these time points is too short, less than 292 seconds. And according to the results in SectionIV-B, the "impulses" are ignored. However, the distortion is acceptable since the lost information is trivial and the drivers care little about it. . It can be seen from the spectrums that the cut-off space-rate of the two signals approximates 0.013 and 0.025 respectively. As a result, 150 meters is taken as the sampling distance for the traffic situations under off-peak hours, and under peak hours when the cut-off space-rate is higher, 75 meters is chosen to be the sampling distance. The samples collected by probe vehicles at the determined sampling distance, are shown in Figure  4 (c) and 5(c). situations at different points vary a lot. Hence, with higher road occupancy, the sampling distance should be smaller so that the variation among different places can be obtained by the collected samples.
D. Traffic Situation at a Given Time
VI. CONCLUSION
In this paper, we address some of the key issues involved in the design of such a traffic information system using vehicles as probes. The bounds of the sampling period and sample size of probe vehicles, which are two critical parameters to determine the performance of the system, are derived. Based on the results, system designers can determine the probe sample size according to the size of road network in advance, and the vehicle's sampling period under off-peak and peak hours are also obtained in this paper. Furthermore, a simulation platform is developed to study the properties of traffic flows in a road network. We demonstrate through simulations that the traffic situations recovered from samples, which are obtained with designed parameters, are accurate and reliable.
